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Preface

For a group of agents to make a good decision, we must be abl®tse a good decision
making method. In this thesis, we first study the problem afosing decision making
methods by taking social choice functions and providingwjtetive measures on how well
they might perform against a population distribution. TRenstudy a common, possibly
the most common, decision making method online: votingt®peaoducts. In this domain,
we provide a new class of models and prove that certain cgemee results hold. Finally
we prove a connection between this new model and tradititalg methods.

In the first half of the thesis we develop a means of comparargus social choice
functions with regard to a desired axiom by quantifying hdte the axiom is violated.
To this end, we offer a new framework for measuring the gyalitsocial choice functions
that builds from and provides a unifying framework for paays research. This framework
takes the form of what we call a “violation graph.” Graph pedpes have natural inter-
pretations as metrics for comparing social choice funetidgsing the violation graph we
present new metrics, such as the minimal domain restrictamassessing social choice
functions and provide exact and probabilistic results fating rules including plurality,
Borda, and Copeland. Motivated by the empirical resultsalse prove asymptotic results
for scoring voting rules.

These results suggest that voting rules based on pairwie@arison (ex: Copeland)
are better than scoring rules (ex: Borda count). They alggest that although we can
never fulfill our desired set of axioms, the frequency of &tan is so small that with even
a modest number of voters we can expect to never violate ooimax

In the second half of the thesis, we define a new class of gaafles bistorical influ-
ence games (HIGsHIGs are infinite games in which agents take turns roundarstyle



choosing a value for a single-dimensional variable. Theofiat each stage to each agent
is a monotonically decreasing function of the distance betwtwo quantities: a weighted
average of past values chosen by all agents, and some fixaldvalee personal to that
agent. The overall payoff to the agent is the limit averagthefstage payoffs. We show
that myopic strategies form a subgame perfect Nash equitibin HIGs. We also intro-
duce certain smoothness constraints on how the impact gea gction changes over time,
constraints which define the classvaflid HIGs. We show that for valid HIGs, under my-
opic play the limit average value converges to what we calttntral value which is the
median of the agents’ ideal values jointly with certain stalifocal points. As a side effect
we show a polarization theorem: After a finite period, alnadlshgents settle on one of the
extreme values. Finally, we show a tight connection betwedid HIGs and the class of
Moulin strategy-proof voting rules in single-peaked donsai
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Chapter 1

Introduction

1.1 Motivation

When designing a system within which a group of agents wikemadecision, it is impor-
tant to consider the practicality of the methods. Not onlg,thut there are many systems
that already exist ‘in the wild’ and it is important to be abdeanalyze the results ex post
and understand the preferences of the group as a whole. Warexawvo different ways
of making decisions about voting and decision making. Thet ftarts with theoretical
models and then we proceed to make quantitative comparisgingeen them. The second
starts with an observed decision making process, moddigdtrétically, and then proves
convergence and other desirable theoretical propertiast ab

1.2 Comparing Social Choice Functions

Social choice theory is concerned with the extent to whichvidual preferences can be
aggregated into a social decision in a satisfactory manmbis is a problem that faces
groups of people, in size ranging from small groups to largigons, every day. There
are many strong impossibility results but neverthelessgatontinues to be used. How
should we consider this apparent contradiction? First wesicker a new framework for
guantitatively evaluating and comparing social choicectioms.

There are three key dimensions on which our evaluation dipethe type of voting

1



CHAPTER 1. INTRODUCTION 2

‘errors’ we seek to quantify, the specific metric by which weasure the errors, and the
population distribution of voters. We show that our thremeinsions have simple and natu-
ral graph interpretations. By introducing the “violatioragh,” we can vary the dimensions
of the problem while applying the same algorithms to prodhescomputational results.

This framework allows to to compare commonly used socialaghtunctions via the
aforementioned dimensions using violation graphs. Foilsamd medium sized domains,
we provide both exact and sampled results. Interestinigbsd results show that (among
other things) voting rules based on pairwise comparisoch si$ Copeland and Maxmin,
perform better than score-based voting rules, such aslipuaad Borda. Motivated by
these empirical results, we also prove certain asymptesialts that help us better under-
stand the satisfaction of monotonicity for scoring rulesewithe number of voters tends to
infinity.

1.3 Infinite Online Aggregation

The second approach we take is to model voting behavior aiscaeeiring at a large scale
onbline. Not only is the voting ongoing, but agents haveed#ht influence on the final
result. In some cases the aggregation of votes is expli@hs{der the Amazon.com, in
which users can at any time rate a product (possibly ratiagéme product many times),
as well as see the aggregate rating for the product compibead &ll ratings provided thus
far.

In others it can be implicit. Consider the online collabiv@encyclopedia Wikipedia
as an example, and specifically an entry taking a stance othethglobal warming is a
real phenomenon. Imagine a value in the [0,1] range thaticapthe degree to which the
current content argues for the realism of global warming €y complete denial of it,
1 taking it as certainty, and values in between capturingenmaranced opinions). Users
who are passionate about the topic care about the value iaversince that reflects the
cumulative impact the entry has on public opinion and policy

To account for scenarios such as the ones above, we define dasswof games called
historical influence games (HIGshhformally speaking, HIGs are infinite games in which
agents take turns round-robin style choosing a value fanglesidimensional variable. The
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payoff at each stage to each agent is a monotonically desgeasiction of the distance
between the agent’s personal ideal value, and a weightedgeef past values chosen by
all agents. The overall payoff to the agent is the limit ageraf the stage payoffs.

Surprisingly, under smoothness constraints, limit averaggregated value converges
to what we call thecentral value which is the median of the agents’ ideal values jointly
with certain societal focal points. This point is tightlyroeected to the class of Moulin
strategy-proof voting rules in single-peaked domains.

These two approaches: making quantitative decisions dhamlitional social choices
rules and proving theoretical soundness of the sort of gatsed in practice, are the focus
of this thesis.



Chapter 2
Background

Social choice functions are qualitatively charactertzegtwo strong and well known re-
sults, the Gibbard-Satterthwaite [18, 50] and the Mullatt&thwaite [36] theorems. The
Gibbard-Satterthwaite theorem states that for every babiaice function that is non-
dictatorial and whose range has at least three alternativere exists at least one profile
that can be manipulated by a single voter. In a similar reshé Muller-Satterthwaite
theorem states that for every social choice function thatigkly Pareto efficient and non-
dictatorial there is some profile where a monotonic changfe mspect to the winner would
cause that alternative to lose.

There have been different approaches proposed in lightesietimpossibility results.
We discuss three relevant threads of research ranging fiemedry practical to the very
theoretical. The computer science community has resedmbe/ergence and change in
wikis and we discuss this in Section 2.1. There has been wa@&onomics using computer
simulations to study the frequency of axiomatic violation $ocial choice functions and
we discuss this in section 2.2. Finally we discuss straf@gpf voting in Section 2.3.

2.1 Change in Wikis

In the group of work on wikis, most papers concentrate on jdé#ia, the most prominent
of all wikis. One important thread of this work has been on hownderstand the properties

1Social welfare functions were similarly characterized byo’s [2] seminal paper.

4



CHAPTER 2. BACKGROUND 5

of the social community that has sprung up around Wikipetinere has been comparisons
to print media [19], estimations of the expertise of Wikiealuthors[55], and studies of the
elite verses common users [26]. Others have researched liiapedia articles accrue edits

proportional to their previous edits [59] and even compmarssacross different language
versions [48].

Another thread of research has been on how to improve théyagWikipedia through
practical rule changes, community management, and usafaoe design. A large and
diverse user base seems to be correlated to the qualityicdearl] while the costs of con-
flict and coordination [27] also go up with the population. idgeneral studies have been
done on how policy influences communities with mass padiogm, and looks at examples
from Wikipedia to try to deduce design guidelines [28, 57¢lfSupervised information
extraction combined with innovative interface design waslied in [58] and specifically
designed to encourage communal content creation.

The Al community has recently begun to leverage Wikipedia agans to solve prob-
lems in NLP and information retrieval, among other things.[81], Wikipedia is used
to evaluates ontologies. It has also been used to learn semaatedness and semantic
interpretation in [60, 17].

2.2 Manipulation Frequency in Social Choice

While there has been research by Fedrizzi [14] and othersmparing voting systems by
determining which of a set of desirable requirements forad@hoice functions are satis-
fied , the previous work most relevant here has focused ontifgiag the proportion of
profiles that are manipulable. Although we focus on monaioninstead of manipulabil-
ity, the quantitative nature of this work is related. Thetfagnjecture that the proportion
of manipulable profiles was small was made by Pattanaik iih [AB asymptotic bound
on unstable profiles under the plurality rule was proved biedPen [44], and this work
was extended and sharpened by Fristrup and Kleiding [16p#saiSlinko [53] where the
proportion of manipulable profiles was shown to@%), with n being the number of
voters and the constant factor depending on the number didatesn. In a similar line
of work, Nurmi [42] focuses on quantifying how often votinges select the same winners
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and how often the set of winners overlap.

Other research approached the problem using computerationd, with early work
by Nitzan [41] studying situations with up & voters on plurality and Borda count by
estimating the proportion of manipulable profiles. Kellg]2mpirically argues that with
three candidates, as the number of voters tends towardgynfire probability (when we
assume a uniform probability distribution over profileshot having a Condorcet winner
tends towardsO88. As the number of candidates tends towards infinity, the giodity of
not having a Condorcet winner tends towatds

By looking at three metrics in addition to the proportion aimipulable profiles, Smith[54]
simulated common social choice functions looking for sgtproofness violations. A
slightly different vein of work by Kelly [25, 24] examinedehdistribution of manipulable
profile proportions for random social choice functions tiwate onto and non-dictatorial
and, using computer simulation, found that the averagegotiom of manipulable profiles
was almost one.

Much of the related work has assumed that each profile is ldikaly (referred to as
the Impartial Culture (IC) assumption) and thus interptiets proportion as a probability,
as we do later in this work. However, other work has assumaikiie identities of voters
are anonymous as well as impartial (IAC) giving us a diffémistribution over profiles.
Working in this distribution,Favardin [13, 12] examinestibandividual and coalitional
manipulation (while also allowing for counter-threatsyldimds that Borda count is more
vulnerable to strategic manipulation than Copeland’s réleo considering coalitional ma-
nipulation, Lepelley [29] generalizes the special casdéGfand IC to the space of Polya-
Eggenberger probability models and runs simulations toutale violation probabilities.
Slinko [47] evaluates some voting rules including approvding, Borda, and plurality, by
looking at the asymptotic average threshold coalition arze provides analytic results.

There has also been work using non-uniform distributiohs;avardin and Slinko [12,
47].

Because the domain of all profiles violates strategy-presgnthere is a rich body of
work by Kelly and others [7, 3, 39] among others, looking aiaas restricted domains
where strategy-proofness holds. Simple majority voting b@en shown by Maskin [10]
to be strategy-proof in the restricted domain where the Gooed winner exists, but the
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Condorcet winner does not always exist, and the probalwfitys existence even tends
towards O as the number of alternatives increases, as simawgtiburn [15]. Recent work
by Bochet [6] gives the minimal domain restriction for a maiotatorial, Pareto optimal,
and strategy-proof (or Maskin monotonic) social choicecfion to exist. However, the
social choice functions that satisfy these requirementisisnminimal domain have a very
strong dictatorial flavor. A different approach is to takereown domain where strategy-
proofness holds and calculate the minimal monotonic eidarss in Thomson [56] and
Erden [11].

We focus on completing the picture in light of previous reska While most previ-
ous work has concentrated on strategy-proofness, we fotiaskin’s monotonicity and
guantifying how much it is violated. In addition to using mes$ used in previous work, we
also introduce the metric of domain restriction for measgithe quality of a social choice
function.

2.3 Strategy-proof Voting Domains

There is a strong technical connection with social choieet specifically with Moulin’s
work on strategy-proof voting rules in single-peaked doraawhere the set of strategy-
proof, anonymous, and efficient voting rules is characteriexactly in [34]. As we will
show in chapter 4, there is a tight connection between thesegvrules and historical
games. So much so, that our work can be seen as a construetsiervof Moulin’s char-
acterization.

Following Moulin, there has been a string of work furtherlping the bounds of single-
peaked voting characterizations. [51] have dealt withtioceon a network lying in two
dimensional space. Others, [40], [39] have shown how fagleipeaked domains can be
generalized and still have strategy-proofness hold.

Another related connection is to the Mean Voter Theorem, [BJ] This theorem states
that if voters have single peaked preferences in a singlemkion, then the position of
maximum utility for the median voter will beat any altervatin a pairwise election.

Variations of median voter theory[8, 46] have suggestedetwexplaining why vot-
ing for extreme parties with no chance of winning can benleétioters by allowing them
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to communicate and influence the subsequent positions afitireng parties in repeated
election settings. Other work has shown how voting can beegsis of information aggre-
gation, like Condorcet’s jury theorem[45, 38], and the weidwing voting as maximum
likelihood estimation [9].

It is also worthy to mention a possible connection of lemma Bsults on prediction
markets. In the prediction market literature, there is necefir dynamic outlined for trad-
ing, but there has been work examining the possible equifibpoints of a market once
no further trading will occur. In this setting a large (contous) population is indexed over
the unit interval, each with a subjective belief and a bud@éte equilibrium price is the
price at which the budget of the traders whose beliefs lieath bides of the equilibrium
is balanced. Specifically, Manski [31] showed that if theeris,,, then the mean belief
of the traders lies in the open interval? , 27, — 72,). Our conditions for an equilibrium
are similar once the partition point are added in and couagedgents, and the bound is
analogous to a continuous version of our setting for simpégaying utility. However, the
major difference is that our equilibrium point, the centvalue, is the result of myopic
dynamics, and in prediction markets it is simply a stablenporhe connection here is a
point for further research.

Our work on historical games also has some similarities tdgiias play [49] and the
best response dynamics used in potential games [33]. Farchagyeerview of both see [52].
Fictitious play does not apply here because we don't haveeggegfame. Even if we changed
the model to be a repeated normal form game, the stage garo#paguld be dependent
on the history and change every round, so the Nash equitibriauld also change. Further,
even if fictitious play did apply, none of the known conditso@d] for convergence apply
here.



Chapter 3

Evaluation of Voting Systems

3.1 Motivation

Social choice theory is concerned with the extent to whicimdual preferences can be
aggregated into a social decision in a satisfactory manier.idea of preference aggrega-
tion can be implemented by designingacial choice functionwhich takes a preference
profile (a collection of the orderings of each individual ped#ternatives that express the
preference of that individual) as input and returns a shyctgdtimal alternative. The satis-
faction of our goal to aggregate individual preferencefiéntdescribed by the fulfillment
of a set of socially desirable conditions on the social chdimction.

Unfortunately, social choice theory is sometimes called@éehce of the impossible”
because of the domination of various impossibility the@erior example, the Muller-
Satterthwaite theorem [36] states that every social chivicetion that is weakly Pareto
efficient and monotonic has a dictator, whose preferredralteve is always chosen by
the social choice function. One can test by a small computegram [30] that out 083
possible social choice functions with 2 voters and 3 cartdgjdhere are only 17 monotonic
functions, all of which have extremely unsatisfactory s such as dictatorship or
constant output.

One perspective is that monotonicity is too strong and shbeldropped as a desirable
conditions. However, the strength of this condition can iesved as a positive or a nega-
tive, depending on if the framework being used is qualitativquantitative. Qualitatively,
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we are unable to differentiate between the quality of sathalice functions because they
all violate our criteria. In our quantitative work, the siggh is a positive because it bet-
ter allows us to discriminate between social choice fumstiwhich we use to ask to what
extent do different social choice functions violate thiadiion.

We offer a new framework for quantitatively evaluating amangaring social choice
functions. There are three key dimensions on which our etia depends: the type of
violation we seek to quantify, the specific metric by which mveasure the violation, and
the population distribution over which the violation esisiWe choose the first dimension
to be monotonicity here and will motivate this choice in tlextnsection. As we will dis-
cuss in the paper, our three dimensions have simple andahgraph interpretations. By
introducing a model called the “violation graph,” we prowid means of easily varying the
dimensions of the problem while applying the same algorgheproduce the computa-
tional results.

We then demonstrate our framework using different votingsas target social choice
functions and compare them via the aforementioned dimessiging violation graphs.
For small and medium sized domains, we provide both exacsangpled results. Inter-
estingly, these results show that (among other thingshgotiles based on pairwise com-
parison, such as Copeland and Maxmin, perform better thanedmased voting rules, such
as plurality and Borda. Motivated by these empirical reswlte also prove certain asymp-
totic results that help us better understand the satisfacfi monotonicity for scoring rules
when the number of voters tends to infinity.

The structure of our paper is as follows. In Section 3.2, vgeuls the foundational
material needed to proceed. In Sections 3.3 and 3.4 we rdtiewelated work in social
choice theory and formally present the violation graph epph. Then in Section 3.5, we
provide empirical results and algorithms. In Section 3.6pn@/e asymptotic results that
support these findings. Finally, we conclude and discussdutiork in Section 3.7.

3.2 Background

To lay a foundation, we will first briefly cover the necessamgtemial on social choice.
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3.2.1 Social Choice Functions: Maskin Monotonicity versusStrategy
Proofness

Formally, letV = {1,2,...,n} denote a set of voters, aidldenote a finite set of alterna-
tives. LetL be the set of strict total orders ove@rand denote voter i's preference:as A
social choice function is a functiafl : "™ — O.

Not all social choice functions are equally desirable. €hae several principles that
social choice theorists have argued that social choicdifumeshould ideally adhere to. As
we mentioned, Maskin’s monotonicity (sometimes calleddis monotonicity”) is such a
desirable property. It states that when a social choicetiobmchooses a candidate based
on some preference profile of all voters, this candidate Ish@main the selection under
preference changes where the winner’s position does rioh fahch voter’s profile. More
formally,

Definition 1. (Maskin Monotonicity) A social choice function C is Maskiomatonic if for
anyo € O and any preference profiltec L™ with C'(>-) = o, then for any other preference
profile =" with the property that/i € N,Vo' € O, o = o if o =; 0, it must be that
C(>") =o.

There are two critical points to note about our use of MaskiMbnotonicity. First,
as we mentioned in the introduction, all non-trivial sodhabice functions violate Maskin
monotonicity at some profile. Although it may seem that tligpireement of Maskin mono-
tonicity is too strict, it is precisely the strictness thatasg us great power of discrimination.
If we instead used a weaker requirement like standard maicty [35], many social
choice functions would not violate this property at all, igty us limited power to speak
of the differences between voting rules. Secondly, Maskmonotonicity also plays an
important role in implementation theory [32] in that it sesvas a necessary condition of
Nash implementability.

A closely related condition is strategy-proofness.

Definition 2. A social choice functiod' is manipulableat profile > by individuali via >’
if C(~_;,>%) =i C(>), where(~_;, %) is the profile resulting from replacing; with >/
in>.
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A social choice function istrategy-prooff it is not manipulable by any individual at
any profile.

It is well known [36] that strategy-proofness and Maskin wikamicity are equivalentin
unrestricted domains and that strategy-proofness isgran restricted domain. Strategy-
proofnessis a reasonable property on the basis of whichmbpace social choice functions,
and in the next section we discuss the previous work on mieasits violation. However,
Maskin Monotonicity is no less good of a candidate, and itipartant to realize that it is
a different diagnostic tool because the relationship ohtlmaber of profiles violating these
different properties is unknown. Maskin monotonicity ipesially crucial to study given
its importance in social choice theory and implementati@oty as we have mentioned.

Before we continue, we will describe the voting rules we Vater analyze.

3.2.2 Voting Rules

The specific voting rules we consider in this chapter aredfityyBorda, Copeland, Maxmin,
and Plurality with Runoff.

¢ Positional scoring rules Let s; be the point value of an outcome ranked in position
j and refer tos = (s1,52,...,5,) @s a scoring vector. Let(>~;,0) = sy, .0),
wherep(>-;, 0) is the position of an outcomein an individual preference-;, and
for preference profile-= (>1,...,>,), letd(>,0) = Z;end(>;, 0). The winner is
the outcome* that maximizes/(>, o).

— Plurality is a positional scoring rule with scoring vectdr,0, . . ., 0).
— Borda is a positional scoring rule with scoring vecion — 1, m — 2,...,0).
e Plurality with Runoff is a variation of plurality where the plurality scoring vect
is used to determine the two outcomes with the highest scotesn, after all other

outcomes but the top two have been removed from all the me¢erorderings, the
plurality scoring rule is used again to determine the winner

e Copelandis a pairwise comparison based voting rule where for eachqgfaut-
comes the plurality rule is used to determine the winner isfplirwise comparison
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after removing all outcomes but the two in question. Eackaute gets one point for
every pairwise comparison it wins and loses one point foheaenparison it loses.
The winner is the outcome with highest score.

e Maxmin is a voting rule based on pairwise comparison. Néb, o) be the number
of voters that prefep to o' and the score of outcome equalsminy co\V (o, 0').
The winner is then the outcome with the highest score.

We assume alternatives can be ordered lexicographicadlyttaat ties are broken lexico-
graphically for all voting rules.

3.3 Related Work

Social choice functions are qualitatively charactertzegtwo strong and well known re-
sults, the Gibbard-Satterthwaite [18, 50] and the Mullatt&thwaite [36] theorems. The
Gibbard-Satterthwaite theorem states that for every babiaice function that is non-
dictatorial and whose range has at least three alternativere exists at least one profile
that can be manipulated by a single voter. In a similar reshé Muller-Satterthwaite
theorem states that for every social choice function thatigkly Pareto efficient and non-
dictatorial there is some profile where a monotonic changfe mspect to the winner would
cause that alternative to lose.

While there has been research by Fedrizzi [14] and othersimparing voting systems
by determining which of a set of desirable requirements @miad choice functions are
satisfied , the previous work most relevant to this thesisfbassed on quantifying the
proportion of profiles that are manipulable. Although weu®on monotonicity instead of
manipulability, the quantitative nature of this work isated. The first conjecture that the
proportion of manipulable profiles was small was made byalRatk in [43]. An asymptotic
bound on unstable profiles under the plurality rule was pidwe Peleg in [44], and this
work was extended and sharpened by Fristrup and Kleidinjggiié also Slinko [53] where
the proportion of manipulable profiles was shown t(ﬂj%), with n being the number of
voters and the constant factor depending on the number didatesn. In a similar line

1Social welfare functions were similarly characterized byo’s [2] seminal paper.
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of work, Nurmi [42] focuses on quantifying how often votinges select the same winners
and how often the set of winners overlap.

Other research approached the problem using computerations, with early work
by Nitzan [41] studying situations with up to 90 voters onrplity and Borda count by
estimating the proportion of manipulable profiles. By loukiat three metrics in addi-
tion to the proportion of manipulable profiles, Smith[54jsilated common social choice
functions looking for strategy-proofness violations. Aghktly different vein of work by
Kelly [25, 24] examined the distribution of manipulable fl@proportions for random so-
cial choice functions that were onto and non-dictatorial,amsing computer simulation,
found that the average proportion of manipulable profiles alenost one.

Much of the related work has assumed that each profile is ldikaly (referred to as
the Impartial Culture (IC) assumption) and thus interptiets proportion as a probability,
as we do in later chapters. However, other work has assuna¢dhi identities of voters
are anonymous as well as impartial (IAC) giving us a diffémistribution over profiles.
Working in this distribution,Favardin [13, 12] examinestibandividual and coalitional
manipulation (while also allowing for counter-threatsyldimds that Borda count is more
vulnerable to strategic manipulation than Copeland’s réleo considering coalitional ma-
nipulation, Lepelley [29] generalizes the special casédGfand IC to the space of Polya-
Eggenberger probability models and runs simulations toutade violation probabilities.
Slinko [47] evaluates some voting rules including appronding, Borda, and plurality, by
looking at the asymptotic average threshold coalition arze provides analytic results.

Because the domain of all profiles violates strategy-presgnthere is a rich body of
work by Kelly and others [7, 3, 39] among others, looking aiaas restricted domains
where strategy-proofness holds. Simple majority voting ba@en shown by Maskin [10]
to be strategy-proof in the restricted domain where the Gooed winner exists, but the
Condorcet winner does not always exist, and the probalwfitys existence even tends
towards O as the number of alternatives increases, as simawstiburn [15]. Recent work
by Bochet [6] gives the minimal domain restriction for a ndintatorial, Pareto optimal,
and strategy-proof (or Maskin monotonic) social choicecfion to exist. However, the
social choice functions that satisfy these requirementisisnminimal domain have a very
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strong dictatorial flavor. A different approach is to takereolwn domain where strategy-
proofness holds and calculate the minimal monotonic eidarss in Thomson [56] and
Erden [11].

We focus on completing the picture in light of previous reska While most previ-
ous work has concentrated on strategy-proofness, we faotiaskin’s monotonicity and
guantifying how much it is violated. In addition to using mes$ used in previous work, we
also introduce the metric of domain restriction for measgithe quality of a social choice
function.

3.4 Violation Graph

The violation graph is a natural tool for comparing differsacial choice functions.

Definition 3. (Violation Graph) A violation graphis a tupl®/ = (C, A, G). C'is a social
choice function.A, the violation type, is a functiol x V' x C' — {True, False} that
encodes our desired violation property (such as Maskin’aehanicity) and is true exactly
when the two nodes and social choice funct@rform a violation. G = (V,E) is a
graph.V is the set of all possible preference profiles, @ the set of edgésuch that if
z,y € V,andA(z,y, C) is true, then the edger, y) € E.

We use three metrics to quantify how much a social choicetiomeiolates the prop-
erty A. The firstis the proportion of nodes with degree at least dwvee assume a uniform
distribution over profiles, this is the probability that adam profile is involved in a viola-
tion of A. The second metric we use is the edge ratio, i.e. the ratlveaédiges in the graph
to the number of edges in a fully connected graph with the sam#er of nodes. This can
be viewed as the probability that two successive electiamddvprovide a violation of4,
or in other words, would publicly demonstrate the flaw in ooting rule. The third metric
we use, the minimal domain restriction required to make thkation graph disconnected,
to our knowledge has not been used before. This value showsrtamy profiles are truly
causing the violations but is a difficult metric to computedngse it requires solving the

2We also note that the edges in our violation graph can be é&tkto hyper edges for axioms that require
more than two profiles to provide an instance of a violation.
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NP-complete problem of independent set [21], which has mgtamt-factor approximation
unless P=NP.

3.5 Empirical Results

To compute our desired metrics (edge ratio, node ratio, amda¢h restriction) on the
violation graph, we apply two different computational stgies: exact computation and
sampling. We purposely keep our metrics and model simplausecof the computational
challenges of generating the violation graph. Withalternatives and voters, the graph
grows asO(m/!?"). For everything beyond small examples this is not feasibtmvéter, to
work around this problem, we sample the space and also psywepmotic results in the
next section.

We compute the edge ratio, node ratio, and domain restmitiBuristics exactly when
there are three candidates and seven or fewer voters. ger lammbers of voters, we gen-
erate 1,000,000 pairs of random profiles, and for each paichveck for an edge between
the two profiles. Checking for edges is a quick operation aacave only limited by the
number of edges we wish to sample. Sampling nodes is moreutlifbecause after first
choosing a random node, we must check all other nodes to seeeiflge exists. This is
bounded byO(m!™). To make the process more efficient, we stop checking forheics
of a node once we find the first one. As we will see in the nexiaecsince the edges are
sparse, we check most of the nodes. Because of this, the abolésrcomputed with 1000
samples.

In order to compute the domain restriction, we tested fofierdint heuristics for do-
main restriction (minimum degree, maximum degree, randdgegand random node)
because the NP-Complete nature of this problem made it isifpleso compute exactly.
In our results section, we include the results from the bestiktic—the minimum degree.
This heuristic iteratively removes all the neighbors of tloele with the minimum degree.
The results of this heuristic are guaranteed to be an uppardior the optimal minimum
domain restriction.
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Figure 3.1: Violation Graph for Two Voters and Three Cantkdaunder Plurality (and
Plurality with Runoff)

To give the reader a sense of what the violation graphs Iéekdnd their wildly vary-
ing structure, we include a sample of them for three candgland two votes in Fig-
ures 3.1, 3.2, 3.3, three voters in Figures 3.4, 3.5, 3.6aBd' four voters in Figures 3.8, 3.9.
Note that we only depict the nodes with degree one or gréateinclude these small cases
since the graphs are suggestive of emerging structuresevoyour experimental results
that follow refer to the coarser measures of domain regin@nd edge and node ratios.

3.5.1 Edge Ratio Results

In Figure 4, we graph the comparative behavior of the votiulgs we tested. There are
two key take-aways from the graphs. First, the evidence estgghat as the number of
voters grows, the edge ratio goes to zero for all the votitesrwe tested. As we will prove
for scoring rules in Section 3.6, this ratio does in fact @ge to zero as the number of
voters grows to infinity. The second key point is that paiemsting rules (Copeland and
Maxmin) perform better than scoring rules (Plurality, Bardnd Plurality with Runoff) for
all numbers of voters. Between the pairwise rules, Maxmifigpms better than Copeland
by a small amount. We do not show the graphs for other numidezaralidates due to
space reasons, but these relationships also hold for catedidp to at least 20.

In addition, the data also shows another relationship. Wikerg the number of voters
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Figure 3.2: Violation Graph for Two Voters and Three CantBdaunder Borda (and
Copeland)

Figure 3.3: Violation Graph for Two Voters and Three Cantikdainder Maxmin
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Figure 3.4: Violation Graph for Three Voters and Three Cdatlis under Plurality

&
%%ﬁ

Figure 3.5: Violation Graph for Three Voters and Three Cdatis under Plurality with
Runoff
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Figure 3.6: Violation Graph for Three Voters and Three Cdat#is under Maxmin (and

Copeland)

Figure 3.7: Violation Graph for Three Voters and Three Cdatéis under Borda
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Figure 3.8: Violation Graph for Four Voters and Three Caatid under Plurality

21
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Figure 3.9:

Violation Graphs for Four Voters and Three Cdatéis under Copeland
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as we increase the number of candidates, the edge ratio @sa@ zero. In Figure 3.11,
the edge ratio converges, but it does so at a slower rate than we fix the number of
candidates and increase the number of voters.

3.5.2 Node Ratio Results

In Figure 3.12, we graph the node ratio for Borda, Pluraftyyality with run-off, Copeland,
and Maxmin. In contrast to our edge results, as the numbeotefy increases, the node
ratio increases. A more striking comparison is that in presiwork on the node ratio for
strategy-proofness it was shown empirically and theaatlyichat the node ratio goes to
zero as the number of voters increases. From this we can aeeuvtn though the exis-
tence of at least one violation of strategy-proofness isvadgnt to the existence of at least
one violation of monotonicity on the unrestricted domale &ctual node ratio for the two
axioms is different, and may converge to opposite valueswiNsee in the next section a
closer look into the meaning of the node ratio by means of tmeain restriction heuristic.

We also note that according to the node ratio, pairwise ratesbetter than scoring
rules. This is not surprising since pairwise rules such gse@md and Maxmin are well-
known as extensions @ondorcet proceduresvhich choose the Condorcet winner when
it exists. One can verify that among any pair of profiles wheosdorcet winners exist,
there are no monotonic violation.

3.5.3 Domain Restriction Results

Domain restriction is the final metric we will examine. Thikas us to refine our results
on the node ratio. If a voting rule has a high node ratio buy eely few nodes need to be
removed to disconnect the graph (restrict the domain sathatolations occur), then the
high node ratio is an artifact of a few central and well-caried nodes. If we can prohibit
these profiles from occurring in practice, or we can rule tloeitndue to low probability, a
voting rule with a high node ratio but a low domain restrintimight be considered a good
voting rule.

Looking at the data, we find that pairwise rules are bettem gworing rules, as can
been seen in Figure 3.13. Although the node ratio of Copalatmver than Maxmin, the
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structure of the graphs are such that Maxmin scores lowar@ogeland using our domain
restriction techniques. This can be seen in a small exampledking at the violation
graphs of Maxmin in Figure 3.3, where by only deleting the temtered nodes, all the
violation edges are eliminated.

Most importantly, even though the node ratio increaseslhapis the number of voters
increases, most nodes do not need to be removed from the, graghthe proportion of
nodes that needs to be removed tends toward zero for all tirgvaoles we tested.

3.6 Asymptotic Results

We can see from our experimental results that by fixing the bamof candidates and
increasing the number of voters, the ratio of violation eddecreases. One may start to
wonder: does this ratio converge, and if so, what is the e prove in this section that
this ratio converges to 0 when— oo.

Suppose the number of violation edges for some scoring isl&€sd”(n, m) and the
number of violation nodes i8 N (n, m), where the number of all possible edges and nodes
is E(n,m) andN(n,m).

Our start point is a known result of Slinko[53] concerning thumber of unstabte

profilesU (n,m). Let L(n, m) = %EZ%

Theorem 1. (from Slinko [53])
d D
—= < L(n,m) < —=
Vi Vi

n)
whered,,, and D,, are constants that depend only on

Theorem 2. Whenn — oo, we have

VE(n,m) -0

e lim, ,. Bl

o lim, .. V]\][V(é”;’;) = ¢,where0 < ¢ < 1.

3A profile is unstable if a unilateral deviation from one votan lead to the change of outcome.
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Let C(n, m) be the number of all profile- in {1, ..., n} such that when adding a vote
>,.+1 from an additional voten. + 1, the outcome will be changed. Then the following
lemma holds:

C(n,m) __ Do,
Lemma 1. N(n’m)) =L(n+1,m) < 2.
Proof. Suppose> is a profile in{1, ..., n} such that when adding a vote, . ; (note that
there aren! possible>,,, ;) from an additional voter + 1, the outcome will be changed. It
is easy to see that-, >,, ;) is an unstable profile ifil, ..., n,n + 1} and all the unstable
profiles in{1,...,n,n + 1} can be generated from such We have
Clnm) = Un+1,m) _ Ln+1,m)N(n+1,m)

m! m!
=L(n+1,m)N(n,m).

Thus, according to Theorem 1, we have

C(n,m) Dy,
N < )
N(n,m) Lin+1,m) < n+1

O

Thus whem — oo, the probability that “adding an additional vote to a randanofile
changes the outcome” is 0.

Proof. (Theorem 2)

e We now prove the first part of Theorem 2, the edge ratio. Supptserwise, there
are two possibilitiestim,,_, VEE(ﬁ”;;’)L) £ 0or VEE(in;S) does not converge. Either way,
we havel' E(n,m) = cE(n,m) for ¢ # 0 for some sufficiently large:.. One can

prove this implies/ N (n,m) = ¢ N(n, m) for ¢/ # 0.

Now consider a monotonic violation for voters where for voting rulg¢ we have
f(>") =a, f(>") = b # aand>" is an improvement of’ w.r.t a. When adding
an additional votern. + 1, by the comments following Lemma 1, we know thfat>’
,>ne1) = aand f(>",>" ) = b (there are a small proportion of profiles that
change the outcome, but this reduces the amount of viotidurther(>",>" )
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is still monotonic from(>’, >/ . ) only if the rank ofa in >” , is at least the same
as in>/,, ;. The number of such pairs-/,,, >7 ) is strictly less thar{m!)?, the
factor by which the number of edges increases frowoters ton + 1 voters.

The other case that can generate monotonic violationavith voters is when a pre-
vious pair of profiles without violation now becomes one bgliad votern + 1. One
can count that the number of such pairs is at n@é%g + DT’Q”)(l — ¢)E(n,m)(m!)>.
Clearly, its ratio toE'(n + 1, m) goes to 0 ag — oo.

To sum up, we havé/% ”VEffm for sufficiently largen and some) <
VE(n,m) __

¢’ < 1, which leads tdim,, = 0, a contradiction.

E(n,m)

e Similarly, for the node ratio, consider a monotonic viadatifor n voters where for
voting rule f we havef(>') = a, f(>") = b # a and>" is an improvement of’
w.r.ta. When adding an additional voter+ 1, we still have thatf(>', > .,) = a
andf(>",>"_,) = b (with a small proportion of deviations which tends to O dedd
by the number of all profiles). We now prove that, for such dation node>’ for n
voters,(>', >’ . ) is a violation node for any/, ., for n + 1 voters. In other words,
we only need to prove that for any,,,,, we can find its monotonic improvement
> W.r.ta. This can be easily achieved by fixing the ranking:aind permuting
other candidates. similarly, we can prove that for such &atimn node>" for n
voters,(>",>" ) is still a violation node for any- . ,, since this amount to say that
we can find some vote that can be improvedfo ; w.r.ttoa. Thus, we conclude that
for any violation node for. voters, we can generate! violation nodes corresponding
to it for n + 1 voters.

The same as the edge ratio, the other case that can generaitomio violation with
n + 1 voters is when a previous pair of profiles without violatiamwnbecomes one
by adding votemn + 1. However we can similarly exclude this since this propartio

tends to O.
To sum up,VJéV(fl’j:%) — ”:7;‘,%\(/;"”’17;) = V]\J,V(i”m for sufficiently largen, which leads
to lim,, V]év(;”jg) = ¢ for some constant
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3.7 Conclusion and Future Work

The contribution of this chapter is two-fold. First, we affenew viewpoint on the com-
parative analysis of voting rules. Second, we provide eiggdiresults on the application
of our new approach to Maskin’s monotonicity.

Our results show that pairwise voting rules, like Maxmin &opeland, are well-
behaved. On the other hand, the commonly used scoring r@ilBsumlity and Borda
have a higher degree of monotonic violation by all the me=sue tested. In addition, our
results show that even though the majority of profiles arelied in a monotonic viola-
tion (the node ratio is increasing in voters), the violati@an be eliminated by removing a
small proportion of profiles. This domain restriction is oy very low, but it also tends
to zero as the number of voters increase. Finally, our asytieptesults provide the first
proof of the asymptotic behavior of the edge ratio, whichgytwezero as the number of
voters increases, and also show that the node ratio corsverge

One future direction is to prove a tight bound on the noderatien the number of
voters tends to infinity and also prove a bound on the edge aatthe number of candi-
dates tends to infinity. We are also investigating how votings behave with respect to
the violation of the conjunction (disjunction) of two or neoaxioms. Finally, the most
promising direction is going beyond the metrics of node afgkaatios and leveraging the
richer structure (seen in Figures 1, 2, and 3) of the viotatjaph itself.
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Figure 3.10: Comparative Edge Ratio Results for Three Ckmtels (Two views of the same
data)
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Chapter 4

Dynamic Voting in Single Peaked
Domains

4.1 Introduction

4.1.1 Motivation

HIGs model ongoing processes in which at different timesiesgean take action, and the
payoff at a given moment is a function of the agent’s type dh@caiions taken in the
past (by all agents). Many scenarios fit this model. For exangonsider a temperature-
controlled room in which the individual occupants periadiiz go and adjust the thermo-
stat; the temperature at a given moment is a function of alictimnges performed in the
past, and each agent has a privately desired temperature.

Our most direct motivation, however, is the behavior on \Wdvide Web-based opinion
aggregation sites. Consider the Amazon website (www.ameam) in which users can
at any time rate a DVD (possibly rating the same DVD many tinas well as see the
aggregate rating for the DVD compiled from all ratings pd®ad thus far. Users may desire
that the aggregate rating have a certain value; they mayiwtaneflect their personal taste,
or, for example, they may be members of the movie companyptteatuced the movie.
Furthermore, different users may have different influeneer the rating, depending on
how many times they rate it (this may vary depending on theailable time and their

31
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stake in the outcome).

In some cases the aggregation is explicit. For exampleyga@ioducts on Amazon as
in the above example, the Yelp business-rating website (Wehy.com), the TripAdvisor
travel-services-rating website (www.tripadvisor.coand many others. In others it can be
implicit. This was the case in the thermostat example ab@ansider the online collab-
orative encyclopedia Wikipedia (www.wikipedia.com) asexample, and specifically an
entry taking a stance on whether global warming is a real pmemon. Imagine a value in
the [0,1] range that captures the degree to which the cucarient argues for the realism
of global warming (0 being complete denial of it, 1 taking $ eertainty, and values in
between capturing more nuanced opinions). Users who astopase about the topic care
about the value over time since that reflects the cumulatigact the entry has on public
opinion and policy.

4.1.2 Overview of model and results

To account for scenarios such as the ones above, we define elaswof games called
historical influence games (HIGsInformally speaking, HIGs are infinite games in which
agents take turns round-robin style choosing a value farglesidimensional variable. The
payoff at each stage to each agent is a monotonically desgeasiction of the distance
between the agent’s personal ideal value, and a weightedgeef past values chosen by
all agents. The overall payoff to the agent is the limit ageraf the stage payoffs.

Note that HIGs do not fall trivially into existing classes gdmes. Certainly the his-
torical nature of the payoff function and the turn-takingusture make them distinct from
repeated games. They can be mapped into a very special €&tssloastic games with in-
finite sets of stage games and deterministic transitiontfomg, but this view is too general
and does not provide any particular insight. It is much mateiral to view HIGs as a class
of their own.

Beside presenting the model of historical games, our maitribwitions are as follows:

e We define myopic strategies in HIGs, and show that they formabmame perfect
Nash equilibrium.
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e We introduce certain smoothness constraints on how thedigdaa given action
changes over time, constraints which define the clasald HIGs. We show that
for valid HIGs, under myopic play the limit average value wenges to what we call
thecentral valug which is the median of the agents’ ideal values jointly vaéntain
societal focal points.

e As a side effect we show a polarization theorem: After a fipieiod, almost all
agents settle on one of the extreme values.

e We show a tight connection between valid HIGs and the claddaflin strategy-
proof voting rules in single-peaked domains [34].

4.1.3 Related work

The strongest technical connection of which we are awara onnection with social
choice theory, specifically with Moulin’s work on strategyeof voting rules in single-
peaked domains, where the set of strategy-proof, anonynaodsefficient voting rules is
characterized exactly in [34]. As we will show in section Bere is a tight connection
between these voting rules and historical games. So mu¢haaur work can be seen as
a constructive version of Moulin’s characterization.

Following Moulin, there has been a string of work furtherping the bounds of single-
peaked voting characterizations. [51] have dealt withtioceon a network lying in two
dimensional space. Others, [40], [39] have shown how fagleipeaked domains can be
generalized and still have strategy-proofness hold.

Another related connection is to the Mean Voter Theorem, [BJ] This theorem states
that if voters have single peaked preferences in a singlemkion, then the position of
maximum utility for the median voter will beat any alternvatin a pairwise election. Other
work stemming from the Condorcet jury theorem has viewedhgas a process to aggre-
gate information [38], or as a process to perform maximulililood estimation [9].

One other, obviously closely related work is our own presipaper [37]. The class of
games analyzed there, callgdnt process gamesre a special case of historical games,
and turn out to correspond to one specific Moulin voting réi& return to this in section
5.
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There has been substantial empirical work on aggregatersities. In connection with
Wikipedia, for example, researchers have estimated thergge of Wikipedia authors [55],
the percentage of the users classified as elite [26], and gredarential-attachment-like
models for updates to wiki pages [59]. However, none of theskihas been analytic, let
alone game theoretic.

4.1.4 Structure of this chapter

The structure of the paper is as follows.
e Section 4.2: We present the formal model of HIGs and the sisbadf valid HIGs.

e Section 4.3: We define myopic strategies and show that thray dcsubgame perfect
Nash equilibrium in HIGs.

e Section 4.4: This is the heart of the paper. We define the Glevitue, show that
valid HIGS converge to it under myopic strategies, and ptbeepolarization theo-
rem.

e Section 4.5: We show the tight connection between valid FHiG$sMoulin’s class of
voting rules in single-peaked domains.

4.2 The Model

We start with the most general class of gantestorical gamesthen specialize them to
historical influence games (HIGsand then further specialize them valid HIGs. In
historical games agents take turns taking action, and atieh actionall agents get a
payoff according tall actions taken to date.

Definition 4 (Historical Game) An historical game consists of
e An ordered set of agent§ = 1,...,n.

e For each agent, a set of actions;. Define
H=A;xAyx...xA,xA; xAyx...the set of infinite round-robin action histories,
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and H; the set ofH’s finite prefixes of length, for eacht € N. By convention, if
h € H is an infinite historyh, € H, will denote its prefix of length

An outcome space X.

An outcome functio® : H; — X, forall ¢t € N.

A reward functionR; : X — R.

An extension of?; to the infinite history as the limit average reward?;(h) =

Yio1 Ri(O(hy))
et

liminf;_,

In the remainder of the paper we restrict our attention toexisp class of historical
games called historical influence games (HIGS).

Definition 5. A historical influence game (HIG3$ an historical game as above, in which

e A, = X =10,1]. (Note: Later on we will also consider the case in whi¢h =
{0,1}.)

e Ois aweighted average of past actior@®(h;) = >_.,_, ay - I(t,t'), whereI(t,t') :
t <t e N~ [0,1] is a time-specific weight function such th&t,t) > 0,

Zi’:l I(tv t,> =L

e EachR; is single peakedThere existg; € X (the “peak”) such that for allz, y #
g; € X itis the case that if either < y < g; 0rz > y > g;thenR(z) < R(y) <

R(g).

We deliberately presented the general class of historaales first to make clear the
restrictions embodied in HIGs. Certainly one can contetepatcomes that are not single
dimensional, or reward functions than are not single peakéslhowever focus on HIGs,
since they already give rise to a rich theory, and match veslies of the motivating appli-
cations discussed at the introduction. In fact, for muchhefpgaper we consider even the
more specific class ofalid HIGs. The definition above assumes no relation between the
influence of an action taken at a given time on outcomes areifit times in the future, nor
on how this influence changes in time. We next consider fatrictions on the influence
functions. First is the requirement the recent past be nmbigeintial than the distant past:
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Definition 6 (Diminishing Past) An influence functioi is diminishing past if for ali < ¢
itis the case that
I(t, i) < I(t—1,i).

The second requirement is that, for a sufficiently long mstany given action — even
the most recent one — will have negligible influence:

Definition 7 (Diminishing Present)An influence functiod is diminishing present if,

lim I(t,t) = 0.

t—o00

Next we require that for sufficiently long histories, any téninitial action sequence
have a negligible influence:

Definition 8 (Future Weighted)An influence functiod is future weighted itk € N

t
lim » I(t,t") =1.

t—o00
t'=k

Finally, we require that the limit of the influence assigneaach agent converge. In
the following definition,1;(-) is the indicator function that takes the valuevhen agent
is active and) otherwise:

Definition 9 (Agent Influence) Given an influence functiof the limit influence of agent

i € N, denotedf;, if it exists, is defined by
t
fi = lim L (eI (¢, ")

t—o0
t'=1

If the limit exists for all agents € N then! is said to satisfy agent limit influence.
It's not difficult to see that no one condition is implied bytbthers.

Proposition 3. In any convex influence function, no three conditions amamgnishing
past, diminishing present, future weighted, and limit dgefluence imply the fourth.

Proof. Proofs each each of the four implications:
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e Define the influence functiohsuch thatvt, I(¢,1) = 1 and for allt’ # 1, I(¢,t') =
0. This function satisfies diminishing past, diminishinggeet, and agent influence,
but violates future weighted.

o Define the influence functiohsuch that't, ¢’ < ¢,1(t,t') = 5, I(t,t) = .5. This
function satisfies diminishing past, future weighted, agelra influence, but violates

diminishing present.

» Define the influence functioh such thatvt, ' < ¢ — 1, 1(t,t') = =5, I(t,t) = 5,

I(t,t —1) = H% This function satisfies diminishing present, future wéggh and

agent influence, but violates diminishing past.

e Define the influence functioh as follows: Let the sequencebe defined by:; =
2+t — 5 —2fori € N,ag = 0. Fora; < t < a1, I(t,1) = m fort’ =
a;,a; +n,a; +2n,...andI(t,t') = 0 otherwise. This function satisfies diminishing
present, diminishing past, and future weighted, but vedagent influence.

O

Definition 10 (Validity). An outcome function igalid iff it is future weighted, diminishing
present, diminishing past, and the influence of each agastsexA HIG is valid iff its
outcome function is.

In Section 4 we present several common and natural exampledid outcome func-
tions.

4.3 Myopic Strategies in Historical Influence Games

Myopic strategies have been widely studied theoreticaily @xperimentally in many set-
tings. We study a natural definition of a myopic action sébectule in the context of
historical influence games. We show that the action profiessegated by myopic play
form a subgame perfect Nash equilibrium and we discuss tpuisilerium behavior further
in the next section.

Under myopic play agentchooses the action that maximizBsgiven the history up
to this time. We define this action selection rule as:
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Definition 11 (Myopic Play) At timet, under myopic play, the active agenthooses the
actiona = argmazaea, Ri(hi—1, a).

As a check on how reasonable myopic play is we first prove tiastrategy profile
generated by myopic play forms a subgame perfect Nash bquiti

Theorem 4. The set of strategies defined by the myopic play rule form gesuk perfect
Nash equilibrium.

The proof is provided in the appendix.

4.4 Central Value

From the last section, we know that the set of strategiesatifly myopic play form a
subgame perfect Nash equilibrium, but what does the equitiband actual play look
like? Somewhat unusually for a paper with a theoretical $pete start by presenting some
experiments, and then follow by showing that historicaluefice games always converge
and characterize what they converge to.

4.4.1 Experimental Results

Thein silico experiments were run as follows. Ten agents were generatehth experi-
ment. Theg; (sometimes we refer tg as the goal) for each agent was selected uniformly
at random from0, 1] and the reward function was definedRgo;) = 1 — |g; — O(h;)|. At
each time step, the active agent uses myopic play to sekeaction. For all the following
graphs, we plot the outcome over time.

First we examine a simple case; let the present outcome lavénage of past actions,
and thus all time steps have exactly the same influence. dhissponds to thé(t, t') = %
We call this influence function “simple averaging influencéhis is exactly the model used
in [37] and an example of a valid influence function. The bébrag seen in Figure 4.1.

To model situations where some agents have more influenceatha&rs we can use

the influence function] (¢,t') = % where}" 3; = 1. Using this model, we
i=1 imodn )+
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Figure 4.3: Convergence undgt, t') = (1 — ay—1) [[;Z; a; with myopic play
get behavior as in Figure 4.2 and call this class of influencetions “weighted averaging
influence”.

To capture that in many situations current actions have infiteence than past actions,
we pose the following model. L& (h;) = o %O (hy—1)+(1—y)ay, wherea, — 1,04 = 0,
and: is the active agent at time This can be captured with the following “discounted
past influence” function/(¢,t') = (1 — ay) Hz.:t,ﬂ a;. Different experiments using this
influence function are shown in Figures 4.3, 4.4, and 4.5.

Somewhat surprisingly, the outcome appears to convergétedpoint in all of these
experiments. One can quickly verify that the simple averggweighted averaging, and
discounted past influence functions meet the four conditairiuture weighted, diminish-
ing present, diminishing past, and existence of agent inflegand thus are valid influence
functions.

We ask ourselves: what happens when a non-valid influenatidumis used? Testing

one non-valid influence function defined by the outcome mecweO (h;) = a*O(hi—1)+
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Figure 4.6: Non-convergence example

(1 — a)a; which fails the diminishing present condition shows noma@rgent behavior in
Figure 4.6.

From our experiments it seems that outcome in valid hisabiidluence games con-
verges to a fixed point. In the rest of this section we will bapkthis claim theoretically,
characterize the value outcome converges to, and proveogetheon how the actions of
agents polarize over time.

4.4.2 The Central Value

Theorem 5. In a valid historical influence game the outcome convergeeumyopic play.

While we defer giving the proof until later, this theoremeggs with the intuition from
ourin silico experiments. In this section we start by discussing a cheniaation for the
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convergence point for the outcome in valid historical inflce games using a simple aver-
aging influence function. We later extend this charactéomao apply in historical influ-
ence games with any valid influence function. Finally we praxonnection to a traditional
aggregation method — the mean of agent goals.

We call the point the outcome converges to teatral value We introduce the central
value by using the influence functidi, ¢') = <.

Definition 12 (Central Value, special casdh a historical influence game using a simple
averaging influence function, |&f be the set of agents arddbe the set of agent goals. Let
P be the set of partition points defined Bs= {=, 2, ..., >=1}. The central value is the
median of the multiset union 6f U P.

For example, if we have three agents with gadals- {.2, .3, .4} then we have the set
of partition pointsP = {1/3,2/3} and the central value i5/3. We later show that for any
fixed ordering of these agents using myopic play, the outomitieonverge tol /3.

To define the general form of the central value we must usentheence of particular
agents as defined earlier.

Definition 13 (Central Value, general casdn a valid historical influence game leV¥
be the set of agentsG be the set of agent goals, antd be the set of agent influences.
Without loss of generality assume that the agents are oddeyeincreasing goal values,
i.e.g1 < g2 < ... < g, LetP be the set of partition points such thet= {>"" , w;|k €
{2,3,...,n}}. The central valueg, is the median ofs U P.

In words, the central value is the median of the set of agealisgand the set of postfix
sums of agent influences when agents are ordered by inogegeath values. For example,
let N =1,2,3,G = {.2,.5,.6}, andIW = {.3, .4,.3}. Then the resulting set of partition
pointsisP = {.3,.7}, GU P = .2,.3,.5,.6,.7, andC(N) = .5. Thus, as we later prove,
the outcome in this historical game will convergeiainder any valid influence function.

We are able to provide a further characterization of thereémallue — we are able to
link the mean of the goals of the agents (private informatieith the convergence point,
the central value.

To begin, we link the arrangement of goals and partition {oinMe show that the
number of goalg; > cis equal to the number of partition poinis< c.
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Lemma 2.
Hgi>c:ie N} =|{p<c:pe P}|

The proof is provided in the appendix.

In the following lemma we clarify the connection of the cahtralue with the mean of
agent goals. The bounds between the central value and threohagent goals are smallest
when the central value is closeor 1.

Lemma 3. Let the central value for a set afagents be:. Let/ be the greatest member of
P U{0,1} such that < c. Letr be the least member &fU {0, 1} such that- > ¢. Then
the mean of agent goals liesfin« ¢, 1 + (1 — 1) x ¢J.

The proof is provided in the appendix.
We graph an example of the bounds for thirty agents usinglsiayeraging influence
in Figure 4.7.
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4.4.3 Convergence to the Central Value under Myopic Strategs

We prove convergence of outcome to the central value thosghas of lemmas employed
in the final proof. The process has additional propertiegledhis convergence—in particu-
lar, the convergence proofs shows that as a side effect #r@si@ctions become polarized
in time—and we return to discuss this in more detail in thet segtion.

The notion of the *active window’ is used in many of the folliog proofs and provides
insight into the myopic process.

Definition 14 (Active Window). Theactive windowis the interval between the two values
the current agent is choosing among. The active window a&tiimwritten as,

i I(t, tay, I(t,t) + i I(t,t")ay (4.1)

t'=1 t'=1
The active window shrinks over time, and we formalize thisehe

Lemma 4. There exists &, such that for allt > T;, the active window contains at most
oneg;.

Proof. First, we note that the length of the active window equdlst) and /(t,t) con-
verges to zero by the diminishing present condition. Givendet of agent goals, where
d denotes the Euclidean distance metric, define the distagiweebn the closest pair of
goals as,

p=min d(i,5) > 0. (4.2)

,j11,] €Gi#£]
Lete = p, and by diminishing presentiT’, such that/t > T,1(t,t) < e so there can
be at most one value in the active window because the lengttieafterval is small enough
to prevent any other points from simultaneous being inalude O

Not only does the active window shrink over time, but thetreégposition of the active
window and the agent goals determine the actions of the agealer myopic play.

Lemma 5. For all timest and all agents such thaty; < Zi;ll I(t,t")ay, a; = 0. For all
timest and all agents such thaig; > I(t,t) + S5, I(t,t)ay, a; = 1.
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Proof. Given thatR; is a single peaked reward functiongifis less than the lower bound
of the active window, the myopic reward will be maximized lyeat: settinga; = 0.
Likewise, if agent hasg; greater than the upper bound of the active window, the myopic
reward will be maximized by setting = 1. O

The next lemma shows that the active window will not jump amezrvals.
Lemma 6. The active window at time— 1 overlaps the active window at tinie

Proof. The outcome after time steép-1, O(h,;_1), was one of the endpoints of the previous
active window by definition. If the active window at timtecontainsO(h;_,) then the
windows overlap. Let = I(¢,t). Because) .,_, I(t,t') = 1, then> \ I(t — 1,t') —
;—:11 I(t,t') = e. In other words, the total influence for actiohso ¢ — 1 has decreased
exactly bye. If I(t—1,¢')—I(t,t') > 0 exactly fort’ such that,, = 1, then the new active
window is [O(h:-1) — €,0(h:—1)]. Likewise, if the decrease of influence was only for
actions that wer@, then the new active window {®(h;_1), O(h;_1) + €. If the decrease
was mixed among all actions, the endpoints of the active svindill be between these
extremes, but the distance between endpoints will stil. &&nceO(h;_,) is a member of

all such intervals, the active windowiat- 1 overlaps with the active window &t O
Lemma 7. For all e and all timest, there exists a timg, > t where|c — O(hy,)| < €.

The proof is provided in the appendix. Now we have all the ssas/ lemmas to prove
our main result:

Theorem 6 (Convergence)lf the central value of a historical game dsthen for alle > 0

there exists a tim&} such that for allt > T3, |c — O(hy)| < €

The proof is rather involved, but the basic flow of argument ba laid out simply.
First, after any pointin time, there exists a later poinimne where the active window will
be withine of c. After this time, the influence of the agents to the left agthtrof ¢ will not
change by more than Because the active window is withirof ¢ and thus the actions of
the agents are determined by myopic play and their relatrgitipn toc, the definition of
a valid influence function requires that the active windowcbatained withire of ¢ from
this time onwards. See the appendix for the full proof.
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We also note that all the previous lemmas up to this pointctir@pply to the case in
which we have an action space{df, 1} rather tharj0, 1]. Theorem 6 can also be extended
to cover the discrete action space though a slight modifioaif the proof.

4.4.4 Polarization

When A4; = [0, 1] all agents but at most one will take only the extreme actidasd 1
after some point in time. This provides insight on the pakedi behavior which has been
observed to occur on many Internet sites. For example [28] $hat the reviews on online
product sites frequently follow bimodal distributions.

Theorem 7 (Polarization) In any valid historical influence game where agents have the
action space0, 1] there exists a timé& such that for allt > 7', all agents but at most one
will each either repeatedly play = 0 or repeatedly play, = 1.

The proof is given in the appendix.

4.5 Correspondence with Voting

The central value provides a surprising link between hisébinfluence games and voting
theory. We prove a natural mapping from historical influegaees to single-shot voting
rules and vice-versa.

4.5.1 Moulin Single-Peaked Voting Rules

[34] proved that the set of strategy-proof, anonymous, dinddent voting rules in single-
peaked preference domains is exactly equal to the set afgraties that can be expressed
as a function that chooses the median of voters’ prefereacdsa set of societal focal
pointsa;.

The theorem is:

Theorem 8(Moulin, 1980) When voters have single peaked preferences the followmg tw
statements are equivalent
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e voting ruler fromR™ into R is strategy-proof, anonymous, and efficient
e there exists (n-1) values € RU{oo, —oo} suchthatr(zy, ..., z,) = median(xy, ..., T,, a1, .

The following two theorems show that for every set of weigbtsan influence func-
tion 7, exactly one Moulin voting rule always has the same resulhasistorical game’s
convergence point. Also, for every Moulin voting rule thesexactly one set of weights
such that the historical game always has the same resule &ddhlin voting rule.

Theorem 9. Given a valid historical influence game withagents, goalg; < ¢ < ... <

g and agent influenceB = { f1, f2, ..., f.}, then there is exactly one Moulin voting rule
defined by(a, s, ..., 1) = (fo, fro + fa—1,- -+, Dy [i) Where the outcome selected
by Moulin’s voting rule is the same as the central vatue

For the next theorem we define the function,

1 ifz>1
w(z)=< 0 ifz<0
x otherwise

Theorem 10. Given a Moulin voting rule defined kiyv, as, ..., a,_1), there is exactly
one set of influenceg, = w(ay), fi = w(an_i+1) — w(a,—;), and f; = 1 — w(ay), such
that all historical influence games with these influencewveage to the outcome selected
by Moulin’s voting rule.

See the appendix for the proofs.

This means that not only will historical influence games @ge, but also their conver-
gence point is the only strategy-proof, anonymous, andefificesult when the weights of
the players are exogenously given. This provides strongation that historical influence
games are well justified as models for joint group decisiokinga Furthermore, the in-
formation revelation requirements for Moulin’s votingeslare stronger than for historical
influence games. Even when it is common knowledge that ajlepéaare using myopic
play, an outside observer would not always be able to infeeiact goal of agerit- some
agent’s action may befor the entire process evengf << 1.
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An interesting side-effect of these theorems is that thexgarameterized families of

influence functions that have a one to one correspondenbeMatilin’s voting rules. The
B(t’modn)+1

22:1 5(imodn)+1

of 3; corresponds to a unique Moulin voting rule and vice versavél@r, not all families

weighted averaging influence functidi, t') = is one example. Every set
of influence sets are parameterized in this fashion. Thelsiayeraging influence function
IO = tl corresponds to a single Moulin voting rule where= i and the discounted
past influence function has a one to many relationship witlilMaules.

4.6 Conclusion

We have defined a new class of games, Historical Games thalnmdithite games where
players take turns and actions have residual effects over. tiWe specialized this class
to Historical Influence Games and even further to valid HIGs.do this we required the
influence over time to satisfy smoothness properties.

We showed that under myopic play the limit outcome convetgéise central value, a
mean of agent’s peak preferences and societal focal pdista.side effect we showed that
agent actions will polarize in the limit, which matches withservational data on online
rating sites. Finally, we show a tight connection betweelddIGs and the class of
Moulin strategy-proof voting rules in single-peaked donsdi34].

A number of interesting open problems remain here, of whiethwghlight two. First,
it is still unknown whether the set of valid influence funcisois equivalent to the set of
converging HIGs. Secondh silico experiments suggest convergence also holds in certain
higher dimension preference spaces even though no strategy voting rules exist in
these domains. It would be interesting to understand thelitons for convergence in
these higher dimension domains.

4.7 Appendix

Theorem 4. The set of strategies defined by the myopic play rule form gesuk perfect
Nash equilibrium.
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Proof. Let A = (ay, as, . . ., a,) be the set of strategies defined by the myopic play rule that
map from all possible action histories to actions. Consaagw, that agent is considering.

If agent: hasg, = C(N) then it follows that under myopic play this agent receives th
maximum possible average reward so there is no profitabliati@v.

By diminishing past the influence of any finite history of aa will go to zero. With-
out loss of generality, assume that agéerg such thaty, < C'(N). Thus, by Lemma 5,
and Theorem 6 after any finite prefix of actions, there exists such that for alk > T,
agent i's action under the myopic play rule is 0. Lebe the infinite history generated by
strategy profileA andh’ be the infinite history generated by strategy profile Thus the
average reward for playeémhen the strategy profile id is R;(h). If for all timest except
when agent is acting, strategy profild’ = (ay,as,...,d;, ..., a,) causes players to take
the same actions as undér it then follows that,

Ri(A) = lim - , (4.3)
g Ra(W)
ST 4
k / _ . .
Ri(A) — Ry(A') = lim Lizn, FlOM) = Fa(O()) (4.5)

k—o0 k

and finally, because aftéf, agent i's action is alway8 under strategy;;, then any under
a; # a; will result in a history of actions that can have zero or manes Thus, because
the influence function is the sam@(h;) < O(h!), giving us thatR;(A) > R;(A’) because
of single-peakedness.

Now suppose that' causes an agent other than agdotplay a different action in some
round. Given that the length of the active window approaadees and that the agents use
the myopic play rule, all agents witf less than the active window will play zero and all
agents withg; above the active window will play one. For agértb get a higher reward
under actioru’ the active window would have to be less thanrAll agents currently less
thanc can not cause the active window to move closer to zero simgedihhave converged
to playing all zeros. No agent ¢ will ever cause the active window to decrease below
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¢, as it would lower their reward in the round they choose zerolating myopic play.
Thus, agent can never cause the outcome to decrease and can never éncigaslity by
deviating. Because there is no profitable deviation fronpa#isible historiesA forms a
Subgame Perfect Nash equilibrium. O

Lemma 2.
{gi>c:ie N} =[{p<c:peP}|

Proof. If the central value is a goal value, lgbe the number of goals greater thaand let
z be the number of partition points less than or equal By the definition of the median
and definition 13 we have,

ztn—1-y)=y+m-1-2)

Z=1Y,

If cis a partition point we follow similar reasoning and the doisen still holds. 0J

Lemma 3. Let the central value for a set afagents be:. Let/ be the greatest member of
P U{0,1} such that < c. Letr be the least member &f U {0, 1} such that- > ¢. Then
the mean of agent goals liesfin« ¢, 1 + (1 — 1)  ¢J.

Proof. Let y be the number of goals greater thaand letz be the number of partition
points less than or equal to By lemma 2 we know = z. Thus by the definition of the
central value] is theyth partition point and equal to the sum of influence for ageits
goals greater than Likewise,r is the sum of influence for agents with goals greater than
or equal toc.

To prove the right bound, consider the case where all ageititsgyv> ¢ haveg; = 1
and all other agents with, < ¢ haveg; = ¢, this gives us a mean of agents goals equal to
Ix1+(1-1)xec.

To prove the left bound, consider the case where all agemisgwi> ¢ haveg; = ¢ and
all other agents havg = 0. This gives us a mean of agents goals equaltoc. 0J

Lemma 7. For all e and all timest, there exists a timg, > t where|c — O(hy,)| < €.
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Proof. Let ¢; be the greatest dfand the time from lemma 4 such that the active window
only contains ong;. The outcome at timg, > ¢,, can be writterO(h,,) = A + B, where

t1
A= Zat/ X [(to,t/)
t'=1
to

B= Y ayxI(tt).

t'=t1+1

By the future weighted property, we know t@}:tle I(ty,t") — 1. By the diminish-
ing present condition we know thaft,¢) — 0. Thus fore’ = ¢/2, there exists a timé,
such thatd < ¢’ and the size of the active window is less tlzan

By lemma 5, for alk > ¢;, the actions of agents outside the active window wilDlze
1. Without loss of generality, assume the active window is thanc. ThusB is within ¢
of the sum of influence for those agents with goals greater dh&qual ta-.

Let X = min{p € PU{0,1}|p > ¢}. By lemma 2 and the definition of the central
value, we know thafX is the sum of influence of agents wigh > ¢ who will all choose
action1 after timet;.

If X =c, thenattimé, |c — O(hy,)| < e.

If X > ¢, then at some point in time betweenandt, the active window will overlap

c. The outcome at that time will one of the endpoints of thevactrindow and because the
length of the active window is less thahwe havelc — O(hy,)| < €. Because of lemma 6
the active window can not jump over O

Theorem 6 (Convergence)lf the central value of a historical game dsthen for alle > 0

there exists a tim&} such that for allt > 71, |c — O(hy)| < €

Proof. Let ¢’ = min(¢-, 5), wherep is as defined in 4. Defing,;;,, = Zﬂgpc fi- By the
convergence of each agent'’s influenceftowe know fore’ there exists &7 such that for
allt > T, [ 32, S Lt I(t, ) — Frigne| < €. DefineFy., in a similar fashion for
those agents to the left of central value. kgt> T be the first time aftef’; where the

active window is withire of ¢ as from lemma 7.
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By lemma 5, for every time betweeg andt, + n, the agents to the left efwill have
a = 0, and those to the right will have = 1. We want to show that the change in the
influence on the right and left is bounded and the distancgdset the closest pair of point
is p > ne’, the active window will not cross any other points betwéegandt, + n.

For contradiction, assume that compared to this point i tion(h,,.,,) decreased by
more thane’. By myopic play, all players to the right @b (h,,) would still always play
a = 1, and all the players to the left would plélyor 1 depending on how faf)(hy, )
decreased.

By the diminishing past condition, the influence associatgtd any action can never
increase over time, only decrease. Thus, because the sactimier myopic play rule out
a decrease due to actions after tigea decrease i (h;,.,,) can only be caused by a
reduction of the influence of = 1 actions that occurred before time

We have already shown that, .., the influence of the players to the right, can not
deviate by more thad. If the total influence of the right players befagedecreases by,
then since influence must sumigthe influence of all the actions for the left players must
be ¢/. Under myopic play, the actions aftgy must all bea > 0, and the total influence
for actions before timé, can not increase or decrease. Note under myopic play, the age
with at ¢, if one exists, will have actions balancing to Furthermore, because of the
diminishing past condition, the influence for any of thesgividual time steps will not
decrease, thus, since the sum is constant, it is also thetetseone will increase. Thus, it
is not possible foO (hy,+n) — O(hy,) > €', and an analogous argument holds for proving
thatO(hy,) — O(hygin) < €.

To summarize, we've shown that there exists a time such thag the active window
is within e of ¢, it will never change by more than O

Theorem 7 (Polarization) In any valid historical influence game where agents have the
action space0, 1] there exists a timé& such that for allt > 7', all agents but at most one
will each either repeatedly play = 0 or repeatedly play, = 1.

Proof. The proof of this result is a simple application of resultsyiously proved. By
theorem 6 there exists a time such that for all later timesptitcome will be withire of
the central value. This result combined with lemmas 4 and@yirthat all agents (except
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the agent, if there is one, with = ¢) will take the same actions from this time forward.]

Theorem 9. Given a valid historical influence game withagents, goalg; < ¢, < ... <

g, and agent influenceB = {fi, f», ..., f.}, then there is exactly one Moulin voting rule
defined by(a, g, ..., an—1) = (fu, fo + fa—1s- -, 21 [;) Where the outcome selected
by Moulin’s voting rule is the same as the central vatue

Proof. First, the Moulin voting rule defined selects the median etilvalues and the peak
rewards of the agents which is exactly the central value.

For the other direction, assume without loss of generdiigy there is a second Moulin
voting rule defined byy' that differs only in thaty; < o} < ;41 and selects the same
outcome for all inputs. Choosing, g2, . .., gn—i < a;, anda; < gn—it1,- .-, gn < O W€
see that the Moulin voting rule defined undechoosesy; while the voting rule defined
undera’ choosesy,. Thus there is only one such voting rule O

Theorem 10. Given a Moulin voting rule defined by, as, ..., a,,—1), there is exactly
one set of influencef, = w(ay), fi = w(an_i+1) — w(a,—;), and f; = 1 — w(ay), such
that all historical influence games with these influences/eage to the outcome selected
by Moulin’s voting rule.

Proof. First, the historical influence game defined selects the ameafi thea values (pro-
jection into the spac@, 1]) and the peak rewards of the agents which is exactly thealentr
value.

For the other direction, assume without loss of generaligt there is a second set
of influences defined by’ that differs only in thatf; < f/ < fi.; and selects the same
outcome for all inputs. Choosing, g2, ..., 9n— < fi, @andf; < gn_it1,---9n < f}
we see that the historical influence game defined urideroosesf; while the historical
influence game defined undgrchooses,,. Thus there is only one such set of influences.

O



Chapter 5
Conclusion and Future Work

In this thesis we examined how societies should make groujsidas given that ‘fair’
voting is impossible. We took two different approaches. Tifst was to take traditional
axioms of fairness for voting and quantify how frequentlgyttwere violated under a few
different metrics. The second approach was to study vdikegprocesses that are com-
monly found in real life and analysis their properties in angaheoretic style.

Our main tool in quantifying the frequency of violations withse object we introduced,
the violation graph. By viewing the space of all preferenoefifes as a set of points, we
can apply any relevant property (like Maskin’s monotorwyicénd voting rule to this set
of points to generate a violation graph. This graph has edgastly between the pairs
of preference profiles that provide a violation instance. tiBynsforming different voting
rules into violation graphs, we can compare how much thelatecour chosen property.
Looking at the graph features gives us a means of comparifegetit voting rules.

By using the violation graph we were able to provide empirtegults on Maskin’s
monotonicity. Our results show that pairwise voting rulé® Maxmin and Copeland, are
well-behaved. On the other hand, the commonly used scouileg of Plurality and Borda
have a higher degree of monotonic violation by all the messwe tested. In addition, our
results show that even though the majority of profiles arelired in a monotonic violation
(the node ratio is increasing in voters), the violationsloaeliminated by removing a small
proportion of profiles. This domain restriction is not onbry low, but it also tends to zero
as the number of voters increase. Finally, our asymptosalte provide the first proof
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of the asymptotic behavior of the edge ratio, which goes to as the number of voters
increases, and also show that the node ratio converges.

It still remains to be seen how to best leverage the strugitesent in the violation
graph. In this thesis we concentrated on node and edge katids/ leveraging the richer
structure of the violation graph itself, we hypothesizet th@re granular metrics can be
constructed.

In the second half of this thesis we defined Historical Gamieglwmodel situations
where players repeatedly take actions that have residigatebn an outcome shared by all
players. However, the reward of each player is determinegibyndividual single-peaked
reward function. We specialized this class to Historiclluence Games and even further
to valid HIGs by requiring the influence to satisfy certaincgithness properties.

We showed that under myopic play the limit outcome convetgelse central value, a
mean of agent’s peak preferences and societal focal pdista.side effect we showed that
agent actions will polarize in the limit, which matches withservational data on online
rating sites. Finally, we show a tight connection betweelddIGs and the class of
Moulin strategy-proof voting rules in single-peaked donsd34].

A number of interesting open problems remain here, of whiethwghlight two. First,
it is still unknown whether the set of valid influence funcisis equivalent to the set of
converging HIGs. Secondn silico experiments suggest convergence also holds in cer-
tain higher dimension preference spaces even though riegtraroof voting rules exist in
these domains. In figures 5.1, 5.2, and 5.3 we show exampbioetor small numbers
of agents. In fact, a key to this problem is the constructitsirggle peaked hierarchy of re-
ward functions. In situations where the rewards of agemsaparable across dimensions,
the outcome trivially converges to the central value in edichmension. When the reward
function is symmetric in the sense that lines of indifferefallow ellipses, the outcome
appears to converge, but to what point is still unknown. Wefoather expand this single
peaked hierarchy to convex and then non-convex rewarding;tand the behavior there
is also unknown.

Given that social choice functions in two dimensional sgaggh symmetric single-
peaked reward functions have no strategy proof solutiois, fascinating that the analog
historical games appears to converge to a stable point.
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Figure 5.1: 2-D historical influence ganresilico experiment with two random agents
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Figure 5.2: 2-D historical influence ganresilico run with three random agents
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Figure 5.3: 2-D historical influence ganresilico run with four random agents
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